Abstract. We pose and solve the asymptotic Dirichlet problem for the Schrödinger operator via rough isometries on a certain class of Riemannian manifolds. With suitable potentials, we give the solvability of the problem for a naturally defined class of data functions.
Introduction
The asymptotic Dirichlet problem for an elliptic operator on a complete Riemannian manifold has long been an interesting topic of study to analysts and geometers. Let L be an elliptic operator on a Cartan-Hadamard manifold M , which means a complete simply connected manifold with nonpositive sectional curvature, and f be a function in a class F on the asymptotic boundary M (∞) of the manifold. The asymptotic Dirichlet problem is to find a solution u for the elliptic operator L such that u = f on M (∞). For instance, the usual asymptotic Dirichlet problem for harmonic functions is the case when L is the Laplacian ∆ on a Cartan-Hadamard manifold M and F is the class of continuous functions on M (∞). The asymptotic Dirichlet problem is well understood in the works of Choi [5] , Anderson [1] , Sullivan [12] , Schoen [2] and others, when M is a Cartan-Hadamard manifold with sectional curvature restriction such as the pinching condition −b 2 ≤ K M ≤ −a 2 < 0. The essence of all of their works is that the curvature assumption enables one to control the angle via the Toponogov comparison theorem and the convexity property near the asymptotic boundary. In [11] , Schoen and Yau gave an interesting generalization that does not directly involve the curvature bound as follows: Let (M, ds 2 ) be a Cartan-Hadamard manifold with sectional curvature −b 2 ≤ K M ≤ −a 2 < 0, and let ds 2 be a new Riemannian metric on M being uniformly equivalent to ds 2 
. If (M, ds
2 ) has the bounded sectional curvature and the positive injectivity radius, then for any continuous function f on M (∞), there exists a harmonic function u on (M, ds 2 ) such that u = f on M (∞), where M (∞) denotes the set of the asymptotic classes of geodesic rays. Later, Cheng [4] proved the solvability of the asymptotic Dirichlet problem under more general assumptions than those of Schoen and Yau [11] as follows: Let (M, ds 2 ) be a Cartan-Hadamard manifold with the first Dirichlet eigenvalue λ 1 (M ) > 0. Assume that the local pinching condition holds on (M, ds 2 ), i.e., there exist a point o ∈ M and a constant C ≥ 1 such that at any x ∈ (M, ds 2 ),
where σ, σ are plane sections at x containing the tangent vector of the geodesic joining o to x and K(σ), K(σ ) are the sectional curvatures of the plane sections σ, σ , respectively. Then the asymptotic Dirichlet problem on (M, ds s ) is solvable, whenever a new metric ds 2 on M is uniformly equivalent to ds 2 . Recently, Choi, Kim and the present author [6] developed a new approach for a larger class of complete Riemannian manifolds. Let M be a Cartan-Hadamard manifold satisfying the local volume-doubling condition and the local Poincaré inequality, and let N be a complete Riemannian manifold satisfying the local volume-doubling condition. Suppose the first Dirichlet eigenvalue λ 1 (M ) > 0 and the local pinching condition (1.1) holds on M . Let ϕ : M → N be a rough isometry, expounded below. Then for each f ∈ F ϕ , there exists a solution h ∈ C ∞ (N ) such that
where F ϕ denotes a function class on N whose element f satisfies the following conditions:
and d(o, x) ≥ T for some fixed point o ∈ N , where c depends only on the rough isometry ϕ and the geometry of M and N .
In the above, statement (i) means that for any v ∈ M (∞), f • ϕ(x) converges to a number A v as x converges to v, i.e., for any > 0, there exists a truncated cone
ox) denotes the angle at o between v and the ray starting from o and passing through x. In fact, both (i) and (ii) are valid in the case when N itself is a Cartan-Hadamard manifold and f is a continuous function on N (∞). It has to be emphasized that even the topology of N differs from that of M not to mention the nonpositivity of the curvature. So, as in the case of Schoen and Yau and of Cheng, there is no clear way in defining N (∞), the asymptotic boundary of N . This therefore forces one to state the continuity of data at the boundary in terms of M (∞) as above.
In line with the approach of [6] , we solve the asymptotic Dirichlet problem for the Schrödinger operator in the following setting: We say that a function u on a complete Riemannian manifold M is a solution of the Schrödinger equation if u satisfies the equation
in the distribution sense, where V is a nonnegative function on M . For the sake of convenience, throughout this paper, we assume that every potential V is continuous. From this assumption, one can achieve the continuity of solutions of the Schrödinger equation. More generally, such a result can be extended to potentials in the local Kato class. (See [8] .) In the above setting, we get the following result. 
In contrast to the result in [6] , we obtain the uniqueness of the solution. Furthermore, the convergence in (1.3) also implies the convergence via a rough isometry as in (1.2); hence this result improves the result of [6] even in the case when V ≡ 0.
An important concept that is used in this paper is the rough isometry, which is a more general one than the bi-Lipschitz map. A map ϕ : X → Y , not necessarily continuous, between two metric spaces X and Y is called a rough isometry if the following condition holds:
(R) for some κ > 0, the κ-neighborhood of the image ϕ(X) covers Y ; there exist constants a ≥ 1 and b ≥ 0 such that for any
where d denotes the distances of X and Y induced from their metrics, respectively. In particular, being rough isometric is an equivalence relation. (See [10] .) However, since ϕ is not assumed to be continuous, two roughly isometric metric spaces may have completely different topologies. For example, an infinite cylinder is roughly isometric to an infinite cylinder with infinitely many identical handles attached at equal distance going off to infinity. Because of the crudity of rough isometries, we need to add some local conditions on each manifold in order to deploy our theory via rough isometries between manifolds as follows: When we say that a map ϕ : M → N is a rough isometry between complete Riemannian manifolds M and N , it means that ϕ satisfies the following local volume comparison condition, together with (R):
(C) there exists a constant C ≥ 1 such that for any x in M ,
each of M and N satisfies the local volume-doubling condition: (D) there exists a constant C r < ∞ depending only on r > 0 such that for any
and the following local Poincaré inequality holds on M : (P ) there exists a constant C r < ∞ depending only on r > 0 such that for any x in M and for any f ∈ C ∞ (B r (x)),
|∇f |,
f .
Note that these local conditions are valid on a complete Riemannian manifold with the Ricci curvature bounded below and the positive injectivity radius. (See [3] , [10] and [7] .) Another concept needed in this paper is the net, which is a useful tool in combinatorially approximating a Riemannian manifold. Let d be the distance function on M . A subset P of M is called τ -separated for some τ > 0 if d(p, p ) ≥ τ for any distinct points p and p of P . Let P be a maximal, with respect to the order relation of inclusion, τ -separated subset of M . Then we can define a net structure
In particular, a maximal τ -separated subset P of M with the net structure is called the τ -net in M . A net P is said to be uniform if there exists a constant λ such that N p ≤ λ < ∞ for all p ∈ P , where S denotes the cardinality of the set S. The local volume-doubling condition (D) guarantees that a τ -net P on M is uniform, and this uniformness plays a crucial role in proving the rough isometric invariance of some analytic properties.
Main result
Let f ∈ F ϕ . Then our problem is to find a solutionũ for a given Schrödinger operator ∆ − V on N such that (ũ − f )(z) → 0 as z → ∞. By the result of [6] , there exists a harmonic function h such that (h − f )(ϕ(x)) → 0 as x → ∞. We will substitute the data f with the harmonic function h, i.e., we find a solutionũ such
Let us introduce several functions needed in this section.
. We may definef to be radially constant outside a compact subset of M . On the other hand, the local pinching condition (1) imposes that |∇f | ∈ L s (M ) for sufficiently large s ≥ 2. (See Theorem 3.1 of [4] .) Let P and Q be the τ -net and ν-net of M and N , respectively. Define a functionf τ on P bỹ
where ϕ −1 : Q → P is an inverse rough isometry of ϕ such that d((ϕ•ϕ −1 )(q), q) ≤ κ for each q ∈ Q, and η q (x) is a partition of unity defined as follows: Let ξ q be a Lipschitz function given by
It is easy to check that there exist constants C 1 > 0 and C 2 > 0 such that q ∈Q ξ q (x) ≥ C 1 > 0 and |∇η q |(x) ≤ C 2 for all x ∈ N and for all q ∈ Q, where ∇η q is a weak derivative. By using the local condition (P ) and the uniformness of nets, we can compare the integral of the gradient of the newly defined function g with that of the surrogate functionf on M as follows:
Lemma 2.1. For sufficiently large s ≥ 2, we have the following:
By [6] , one may obtain the following additional results:
where C depends only on s and λ 1 (N ). For technical reasons and convenience' sake, we reset our problem as follows: For a given data f ∈ F ϕ , there exist nonnegative functions
If there exist solutions u 1 andũ 2 for the Schrödinger operator ∆ − V on N such that (ũ 1 − h 1 )(z) → 0 and (ũ 2 − h 2 )(z) → 0, respectively, as z → ∞, thenũ =ũ 1 −ũ 2 is the desired one. Therefore, we have only to solve the problem for the nonnegative data f ∈ F ϕ , hence a positive harmonic function h on N such that (h − f )(ϕ(x)) → 0 as x → ∞.
We solve the following Dirichlet problem, in the weak sense, on B R (o):
where V is a nonnegative function on N . Define a functional E by
we can take a minimizer u R of this functional E(v), whenever V ∈ L 
Then there exists a constant C > 0 such that for the solution u R of equation (2.1) and for any 1 < q < ∞,
where C depends only on q, µ 1 (N ), and sup N |h|.
By the Hölder inequality, we have the consequence.
We have a monotone decreasing sequence of solutions {ũ R } such that
. Therefore, there exists a limit functionũ such that (∆ − V )ũ = 0 on N . Put u = h −ũ. Then u is a solution of the following equation:
Applying the standard Moser iteration, we get the following lemma:
Lemma 2.3. Let N be given in Lemma 2.2 with the Sobolev constant S 1 (N ) > 0.
Suppose that u is given above and V is a nonnegative function in
Proof. Let η be a Lipschitz function with compact support in a ball B r 0 (z) for some fixed r 0 > 0. Multiplying η 2 u p−1 on both sides of (2.2), where p > 1, and integrating by parts, we get
On the other hand, since α|∇(
Now choose a Lipschitz function η given by
where 0 < r < s < r 0 . Set α = 1/(s − r). Then
where S 1 = S 1 (N ) and θ = n/(n − 1).
For the sake of convenience, we will use the following norm notation: For a fixed point z ∈ N , put
and ||f || ∞,r = sup
|f |, where 1 < p < ∞ and 0 < r < r 0 . With this notation, we have
where C 1 depends only on sup N |h|, sup N |u| and ||V || q,s . Hence
where
for i = 1, 2, · · · , where 0 < s < r 0 /2. Applying (2.4) to the sequences {p i } and {r i },
where C 3 > 0 depends on only n and q. Iterating this inequality, Therefore, we have only to prove that
Note that
By the second condition (ii) of the function class Proof. Using the result of Li and Wang [9] , we can extend the given rough isometry to a map in such a way that it is a homeomorphism between asymptotic boundaries at infinity. The rest of the proof is the same as that in the proof of Corollary 2.4.
Let (M, ds
2 ) be a Cartan-Hadamard manifold and the identity map id : (M, ds 2 ) → (M, ds 2 ) be a rough isometry. Then for any continuous function f on (M, ds 2 ), it is easy to check that f ∈ F id . Therefore, our result is new even in this simple case. This is a direct generalization of Schoen and Yau's result [11] , in which they solved the Dirichlet problem in the trivial case that V ≡ 0.
